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In this work, we consider moving horizon state estimation (MHE)-based model predictive control (MPC) of nonlinear
systems. Specifically, we consider the Lyapunov-based MPC (LMPC) developed in (Mhaskar et al., IEEE Trans Autom
Control. 2005;50:1670–1680; Syst Control Lett. 2006;55:650–659) and the robust MHE (RMHE) developed in (Liu J,
Chem Eng Sci. 2013;93:376–386). First, we focus on the case that the RMHE and the LMPC are evaluated every sam-
pling time. An estimate of the stability region of the output control system is first established; and then sufficient condi-
tions under which the closed-loop system is guaranteed to be stable are derived. Subsequently, we propose a triggered
implementation strategy for the RMHE-based LMPC to reduce its computational load. The triggering condition is
designed based on measurements of the output and its time derivatives. To ensure the closed-loop stability, the formula-
tions of the RMHE and the LMPC are also modified accordingly to account for the potential open-loop operation. A
chemical process is used to illustrate the proposed approaches. VC 2013 American Institute of Chemical Engineers
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Introduction

Model predictive control (MPC) is a control strategy that
has been widely used in manufacturing industries because of
its ability to incorporate constraints, to account for optimiza-
tion considerations, and to handle nonlinearities. At each
sampling time, MPC solves online a constrained optimiza-
tion problem to obtain an optimal input trajectory that mini-
mizes a given performance index.1 MPC in general requires
full knowledge of the state. However, in many cases, not all
of the states are measurable. This makes the development of
MPC based on output measurements very important. Unfortu-
nately, a separation principle in general does not exist for
nonlinear MPC. Existing output feedback nonlinear MPC
results can be broadly classified into two categories. In the
first category, a high-gain observer is in general used to esti-
mate the system state which may allow semiglobal practical
stability (e.g., Refs. 2 and 3). In the second category,
observer errors are explicitly considered in the design of
MPCs (e.g., Refs. 4–6) which requires that observer errors
are bounded. For a review of output feedback MPC results,
please refer to Ref. 7.

On the other hand, moving horizon estimation (MHE) has
become a popular state estimation approach in recent years
because of its ability to address nonlinearities and constraints
(e.g., Refs. 8–11). In MHE, the state estimate is determined
by also solving online an optimization problem.8,12 The abil-
ity of MHE to handle constraints on process disturbances,

measurement noise, and states was shown to lead to
improved performance.9 To account for historical data out-
side the estimation horizon, an arrival cost which summarizes
the information of those data is included in the cost function
of an MHE optimization problem. Different approaches have
been developed to estimate the arrival cost.8,13–16 In Ref. 9,
sufficient conditions for asymptotic and bounded stability of
MHE were established. However, in Ref. 9, the bounded sta-
bility was achieved based on a restrictive assumption on the
approximation of the arrival cost. In a recent work,17 a robust
MHE (RMHE) scheme was developed based on an auxiliary
nonlinear observer. The RMHE was proved to give bounded
estimation error for nonlinear systems with bounded model
uncertainties which is a desired property for an observer from
a robust output feedback controller design point of view.

MHE-based output feedback MPC is an attractive approach
as constraints, nonlinearities, and optimization considerations
can be addressed in both state estimation and control. MHE-
based MPC has been adopted in different applications includ-
ing fast offset-free control system design,11 control of solid
oxide fuel cell,18 and normalization of blood glucose.19 A
numerical method for simultaneous MHE and MPC via mul-
tiparametric programming was also developed.20 However, in
the above results, the stability of the closed-loop system was
not established rigorously. In Ref. 21, MHE schemes with
contractive constraints on the estimation error were proposed
and based on the MHE schemes, robust output feedback
MPC schemes were developed. However, the results in Ref.
21 were obtained without the consideration of constraints.

Motivated by the above observations, in this work, we
develop MHE-based MPC schemes that give provable closed-
loop stability for nonlinear systems with bounded uncertainties.
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In particular, we consider the RMHE developed in Ref. 17 as
it gives bounded estimation error and the type of Lyapunov-
based MPC (LMPC) developed in Refs. 22 and 23. The main
idea of this type of LMPC is to formulate appropriate con-
straints in the MPC’s optimization problem based on an auxil-
iary Lyapunov-based controller, in such a way that the MPC
inherits the robustness and stability properties of the
Lyapunov-based controller. One advantage of the LMPC is
that it allows for an explicit characterization of the stability
region and in general, has a reduced computational complex-
ity.22,23 Within the framework of the LMPC, designs for vari-
ous classes of nonlinear systems and applications have been
developed including constrained nonlinear control systems,23

switched nonlinear control systems,22 networked control sys-
tems with communicate data losses,24 and time-varying
delays,25 distributed predictive control systems 26 as well as
economic MPC.6,27 However, all the previous results are based
on the assumption that measurements of the entire system state
are available except Ref. 3. In Ref. 3, a high-gain observer is
used in the design of an output feedback economic MPC
which requires the existence of a set of coordinates that can
transform the nonlinear system to a linear system and does not
take into account constraints or optimality in state estimation.

The objective of this work is twofold. In the first part, we
focus on the case that the RMHE and the LMPC are eval-
uated every sampling time. In this case, an estimate of the
stability region of the output feedback control system taking
into account the estimation error explicitly is first estab-
lished; and then sufficient conditions under which the
closed-loop system with the output feedback control system
is guaranteed to be stable are derived. RMHE and LMPC are
both based on solving online optimization problems. For
large-scale applications, the computational burden may be
high. Thus, in the second part, we propose a triggered imple-
mentation strategy for the RMHE-based LMPC (RMHE-
LMPC) to reduce the computational load of the system by
reducing the evaluation times of the RMHE-LMPC. Trig-
gered control has been used extensively in control systems
that have shared resources, for example, shared communica-
tion and computation resources.28–30 The triggering condition
in this work is designed based on measurements of the out-
put and its time derivatives. In order to ensure the closed-
loop stability, the formulations of the RMHE and the LMPC
are also modified accordingly to account for the potential
open-loop operation time. Sufficient conditions for stability
of the closed-loop system are also derived. The applicability
and effectiveness of the proposed RMHE-LMPC designs are
illustrated via the application to a chemical process.

Preliminaries

Notation
The operator j � j denotes Euclidean norm of a scalar or a

vector, whereas j � j2Q indicates the square of the weighted
Euclidean norm of a vector, defined as jxj2Q5xTQx where, Q
is a positive definite square matrix. A function f(x) is said to
be locally Lipschitz with respect to its argument x if there
exists a positive constant Lx

f such that jf x0ð Þ2f x00ð Þj �
Lx

f jx02x00j for all x0 and x00 in a given region of x and Lx
f is

the associated Lipschitz constant. A continuous function a :
0; a½ Þ ! 0;1½ Þ is said to belong to class K if it is strictly

increasing and satisfies a 0ð Þ50. A function b r; sð Þ is said to
be a class KL function if for each fixed s, b r; sð Þ belongs to
class K with respect to r, and for each fixed r, it is deceasing

with respect to s, and b r; sð Þ ! 0 as s!1. The symbol
diag vð Þ denotes a diagonal matrix whose diagonal elements
are the elements of vector v. The symbol “n” denotes set
substraction such that AnB : 5 x 2 A; x 62 Bf g. The super-
script sð Þ denotes the s-th order time derivative of a function.
The symbol Lf h denotes the Lie derivative of function h
with respect to f, defined as Lf h xð Þ5 @h

@x f xð Þ, whereas Lr
f h

denotes r-th order Lie derivative, defined as Lr
f h xð Þ5

Lf L
r21
f h xð Þ.

System description

We consider a class of nonlinear systems that can be
described by the following state-space model

_x tð Þ 5 f x tð Þ; u tð Þ;w tð Þð Þ

y tð Þ 5 h x tð Þð Þ1v tð Þ
(1)

where x 2 Rn is the vector of process state variables, u 2 Rr

denotes the control input vector, w 2 Rp is the bounded state
disturbance vector, y 2 Rm is the measured output vector,
and v 2 Rm denotes the measurement noise vector. The input
is restricted in a nonempty convex set U � Rr which is
defined as follows

U : 5 u 2 Rr : juj � umaxf g (2)

where umax is the magnitude of the input constraint. The dis-
turbance and measurement noise vectors w and v are also
bounded such that w 2W and v 2 V where

W : 5 w 2 Rp : jwj � hwf g

V : 5 v 2 Rm : jvj � hvf g
(3)

with hw and hv known positive real numbers. It it assumed
that f and h are locally Lipschitz of their arguments and
f 0; 0; 0ð Þ50 and h 0ð Þ50.

Modeling of measurements

We assume that the output of system (1), y, is sampled at
time instants tk�0f g such that tk5t01kD; k50; 1;… with
t050 the initial time, D a fixed time interval and k positive
integers. We also assume that measurements of the time
derivatives of the output, _y;…; y n21ð Þ, are available at each
sampling time. The two assumptions imply that a measure-
ment of the following vector is available at each sampling
time

Y tð Þ5

y tð Þ
_y tð Þ

�

y n21ð Þ tð Þ

2
666664

3
7777755

h x tð Þð Þ1v tð Þ

Lf h x tð Þð Þ1 _v tð Þ

�

Ln21
f h x tð Þð Þ1v n21ð Þ tð Þ

2
666664

3
7777755U x tð Þð Þ1/ tð Þ

(4)

where U xð Þ5 h xð ÞTLf h xð ÞT…Ln21
f h xð ÞT

h iT
and / tð Þ5 v tð ÞT

h
_v tð ÞT…v n21ð Þ tð ÞT �T . The vector / tð Þ denotes the uncertainties
in the output and its derivative measurements. We further
assume that the vector / is bounded such that / 2 V2 where

V2 : 5 / 2 Rnm : j/j � h/
� �

(5)

with h/ a known positive number.
Note that the availability of the output time derivatives is

only required in the design of the triggering condition of the
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proposed RMHE-LMPC with triggered implementation. For
the RMHE-LMPC evaluated every sampling time, it only
requires the availability of the output measurements [i.e.,
y(t)].

Remark 1 The assumption on the availability of output
time derivatives is not a restrictive one from a practical
point of view. The time derivatives can be approximated
using numerical methods (e.g., finite difference methods)
based on the current and previous output measurements and
the approximation errors can be considered as additional
measurement uncertainties. Note also that the boundedness
of / tð Þ requires that the change rate of measurement noise
is sufficiently slow. However, this does not restrict the
applicability of the proposed approach. A low-pass filter
may be used to attenuate the high-frequency noise in the
measurements before evaluating the derivatives like used in
proportional-integral-derivative control.31 Also, appropriate
numerical methods including finite difference methods over
one or several sampling periods and total variation regulari-
zation32 can be used to significantly reduce the influence of
the fast changing noise in the calculation of output deriva-
tives. This point will be demonstrated in the application to a
chemical process subject to bounded random measurement
noise.

Remark 2 It is important to note that the assumption of
availability of output time derivatives up to order n21 can
be relaxed for systems with multiple outputs. The minimum
requirement is that the matrix composed of the derivative of
the outputs and their time derivatives with respect to the sys-
tem state (i.e., the observability matrix of the system which
will be defined in (10) formally) is full rank. This point will
also be demonstrated in the simulation studies.

Stabilizability and observability assumptions

It is assumed that there exists a locally Lipschitz explicit
nonlinear control law u5k xð Þ that renders the origin of the
nominal closed-loop system asymptotically stable while sat-
isfying the input constraint for all x in a compact set S that
contains the origin. Using the converse Lyapunov theorem,33

this assumption implies that there exist a continuous differ-
entiable control Lyapunov function V(x) and K functions
ai; i51; 2; 3, satisfy the following conditions

a1 jxjð Þ � V xð Þ � a2 jxjð Þ;

@V xð Þ
@x

f x; k xð Þ; 0ð Þ � 2a3 jxjð Þ;

k xð Þ 2 U

(6)

for all x 2 S. In the remainder, we will refer to a level set
of V in S;Xq, as the stability region of the closed-loop sys-
tem under the control law k(x). The stability region Xq is
defined as

Xq : 5 x 2 S : V xð Þ � qf g: (7)

Note that the above stability property of the nominal
closed-loop system under the control law k(x) is based on
continuous state feedback and continuous implementation of
the control action.

It is also assumed that the system is locally observable in
Xq and that there exists a deterministic nonlinear observer
for the nominal system of Eq. (1) which takes the following
form

_z tð Þ5F z tð Þ; u tð Þ; h xð Þð Þ (8)

such that z asymptotically tracks x for all the states z 2 Xq

and x 2 Xq. In observer (8), z is the state vector of the
observer, and h(x) denotes the noise-free measurement of the
output of the nominal system. This assumption implies that
there exists a KL function b such that

jz tð Þ2x tð Þj � b jz 0ð Þ2x 0ð Þj; tð Þ (9)

for the nominal system with noise-free measurements for
z; x 2 Xq. The vector function F is assumed to be locally
Lipschitz with respect to its arguments. The above observ-
ability assumption also implies that34

rank O xð Þð Þ5n (10)

with O xð Þ5 dU xð Þ
dx for all x 2 Xq. Note that the convergence

property of the nonlinear observer (8) is obtained based on
continuous noise-free output measurements.

Remark 3 Note that while there are currently no general
methods for constructing control Lyapunov functions for
general nonlinear systems, significant progress has been
made on the constructing control Lyapunov functions for dif-
ferent classes of systems including input affine nonlinear sys-
tems35 and constraint linear systems.36 Note also that for
broad classes of nonlinear models arising in the context of
chemical process control applications, quadratic Lyapunov
functions are widely used and provide very good estimates
of closed-loop stability regions.

Robust MHE

The RMHE developed in Ref. 17 is based on an auxiliary
nonlinear observer. Specifically, an auxiliary deterministic
nonlinear observer that asymptotically tracks the nominal
system state is taken advantage of to calculate a confidence
region that contains the actual system state taking into
account bounded model uncertainties every sampling time.
The region is then used to design a constraint on the state
estimate in the RMHE. The RMHE brings together determin-
istic and optimization-based observer design techniques. It
was proved to give bounded estimation error in the case of
bounded model uncertainties. It was also shown to compen-
sate for the error in the arrival cost approximation and could
be used together with different arrival cost approximation
techniques to further improve the state estimate. For system
(1), the RMHE takes the following form at time instant tk

17

min
~x tk2Neð Þ;…;~x tkð Þ

Xk21

i5k2Ne

jw tið Þj2Q21
m

1
Xk

i5k2Ne

jv tið Þj2R21
m

1V tk2Ne
ð Þ

(11a)

s:t: _~x tð Þ5f ~x tð Þ; u tð Þ;w tið Þð Þ; t 2 ti; ti11½ � (11b)

v tið Þ5y tið Þ2h ~x tið Þð Þ (11c)

w tið Þ 2W; v tið Þ 2 V (11d)

_z tð Þ5F z tð Þ; u tð Þ; y tk21ð Þð Þ (11e)

z tk21ð Þ5x̂ tk21ð Þ (11f)

j~x tkð Þ2z tkð Þj � jjy tkð Þ2h z tkð Þð Þj (11g)

where Ne is the estimation horizon, Qm and Rm are the esti-
mated covariance matrices of w and v, respectively, V tk2Ne

ð Þ
denotes the arrival cost which summarizes past information
up to tk2Ne

; ~x is the predicted x in the above optimization
problem, x̂ tk21ð Þ is the optimal estimate of x at time
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tk21; y tið Þ is the output measurements at ti, and j is a posi-
tive constant which is a design parameter. Once optimization
problem (11) is solved, an optimal trajectory of the system
state, ~x� tk2Nð Þ;…; ~x� tkð Þ, is obtained. In real-time feedback
control applications, only the estimate of the current system
state is used. That is

x̂ tkð Þ5~x� tkð Þ: (12)

This is also the case in this work. Note that in the optimi-
zation problem (11), w and v are assumed to be piece-wise
constant variables with sampling time D to ensure that (11)
is a finite dimensional optimization problem.

In the optimization problem (11), constraints (11e)–(11g)
take advantage of the nonlinear observer F and the previous
state estimate to calculate a reference estimate [i.e., z tkð Þ] of
the current state. Based on the reference estimate and the
current output measurement [i.e., y tkð Þ], a confidence region
that contains the actual system state is constructed [i.e.,
jjy tkð Þ2h z tkð Þð Þj]. The estimate of the current state provided
by the RMHE is only allowed to be optimized within the
confidence region. This approach ensures that the RMHE
gives estimates with bounded errors and is robust with
respect to poor arrival cost approximation. The parameter j
is a design parameter. Theorem 1 below summarizes the
properties of RMHE (11).

Theorem 1 (c.f. Ref. 17) Consider system (1) with output
y sampled at time instants tk�0f g. If RMHE (11) is designed
based on nonlinear observer (8) that satisfies condition
(9), and if there exists a concave function g �ð Þ such that
g jejð Þ � b jej;Dð Þ for all jej � d0 and positive constants ds <
d0; a � 1; b > 0; �e > 0 such that ds2a g dsð Þ1cz Dð Þ1cx Dð Þð Þ
2bhv � �e where cz �ð Þ and cx �ð Þ are two KL functions
depending on the dynamic properties of the nonlinear
observer (8), and if the parameter j is picked such that 0 �
j � min a21ð Þ=Lx

h; b
� �

where Lx
h is the Lipschitz constant of

h(x), then the estimation error jej5jx̂2xj is a decreasing
sequence such that

je tkð Þj � je tk21ð Þj2�e (13)

for all ds � jej � d0 and is ultimately bounded as follows

lim
t!1

sup je tð Þj � dmin (14)

with dmin 5max je t1Dð Þj : je tð Þj � dsf g for all je 0ð Þj � d0.

RMHE-Based LMPC

In this section, the RMHE-LMPC evaluated every sampling
time is presented. Specifically, the type of LMPC proposed in
Refs. 22 and 23 is considered. The proposed RMHE-LMPC
takes into account optimality in both state estimation and con-
trol, and bounded model uncertainties explicitly.

LMPC formulation

The proposed RMHE-LMPC uses a standard receding
horizon strategy described as follows:

1. At each sampling time tk, when a new output measure-
ment y tkð Þ is received, the RMHE estimates the current
system state x̂ tkð Þ based on current and previous output
measurements y tið Þ with i5k2Ne;…; k.

2. Based on x̂ tkð Þ, the LMPC calculates future input tra-
jectory u(t) for t 2 tk; tk1Nc

½ � with Nc the prediction
horizon of the LMPC.

3. The LMPC sends the first step input value [i.e., u tkð Þ]
to the actuator.

The design of the LMPC is based on the nominal system
model and the state estimate obtained from the RMHE. Spe-
cifically, the LMPC is based on the following optimization
problem

min
u2S Dð Þ

ðtk1Nc

tk

j~x sð Þj2Qc
1ju sð Þj2Rc

h i
ds (15a)

s:t: _~x tð Þ5f ~x tð Þ; u tð Þ; 0ð Þ (15b)

u 2 U (15c)

~x tkð Þ5x̂ tkð Þ (15d)

@V ~x tkð Þð Þ
@~x

f ~x tkð Þ; u tkð Þ; 0ð Þ � @V x̂ tkð Þð Þ
@x̂

f x̂ tkð Þ; k x̂ tkð Þð Þ; 0ð Þ

(15e)

where S Dð Þ is the family of piece-wise constant functions
with sampling period D; ~x tð Þ is the predicted trajectory of the
nominal system for the input trajectory computed by the
LMPC, and Qc;Rc are positive definite weighting matrices
that define the cost.

In the optimization problem (15), constraint (15a) is the
cost function that needs to be minimized; constraint (15b) is
the nominal system model governing the evolution of the
system state trajectories; constraint (15c) is the constraint on
the control input and constraint (15e) is a Lyapunov function
based constraint that is used to guarantee the closed-loop
stability.

At each sampling time tk, once an output measurement
y tkð Þ is received, RMHE (11) is solved to get the current
system state estimate x̂ tkð Þ. Based on x̂ tkð Þ, LMPC (15) is
solved. The optimal solution to the LMPC is denoted as
u� tjtkð Þ which is defined for t 2 tk; tk1Nc

½ �. The control input
of system (1) under the control of the RMHE-LMPC is
defined as follows

u tð Þ5u� tjtkð Þ; 8t 2 tk; tk11½ Þ (16)

which implies that the LMPC adopts a standard receding
horizon strategy.

The proposed RMHE-based LMPC is different from the
LMPC developed in Refs. 22 and 23 in initial condition
(15d) and the formulation of the stability constraint (15e).
The stability constraint (15e) of the proposed RMHE-LMPC
is based on the state estimate given by the RMHE, whereas
the stability constraint of the LMPC in Refs. 22 and 23 is
based on actual system state. This “slight” modification in
the formulation of the LMPC makes the stability results
obtained in Refs. 22 and 23 not applicable in the present
work. This is because there is in general no separation prin-
ciples for nonlinear systems. The stability region, stability
conditions of the proposed RMHE-LMPC and the interac-
tions between the RMHE and the LMPC need to be carefully
studied which are the objectives of the following subsection.

Remark 4 Constraint (15e) requires that the decreasing
rate of the Lyapunov function V if the input of the MPC is
used should be greater than or at least equal to the decreas-
ing rate when the auxiliary controller k based on the state
estimate x̂ is used. From the property of the RMHE, it is
known that the estimation error jej5jx̂2xj is bounded. In
order to ensure that the uncertainty in the state estimate will
not cause any problem to the stability of the closed-loop sys-
tem, the proposed approach requires that the initial state of
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the system is within a smaller region compared with the sta-
bility region (i.e., Xq) of the nonlinear controller based on
state feedback control. This idea will be made explicit in the
next section.

Stability analysis

In this section, we study the robustness of the proposed
RMHE-LMPC evaluated every sampling time. Specifically,
we first establish the stability region of the closed-loop system
under the RMHE-LMPC by taking explicitly into account the
state estimation error; then we derive sufficient conditions
under which the closed-loop stability of the RMHE-LMPC is
guaranteed. The following proposition will be used.

Proposition 1 (c.f. Ref. 24) Consider the Lyapunov func-
tion V �ð Þ of system (1). There exists a K function fV �ð Þ such
that

V xð Þ � V x0ð Þ1fV jx2x0jð Þ (17)

for all x; x0 2 Xq.
Proposition 1 bounds the difference between the magni-

tudes of two states in the region Xq which is the stability
region of the nonlinear controller k(x) and the LMPC with
state feedback. However, because in the proposed RMHE-
LMPC, we do not have accurate state feedback and state
estimation error is present, the region Xq is not a good esti-
mate of the stability region of the proposed RMHE-LMPC.

In order to obtain an estimate of the stability region of the
RMHE-LMPC, we consider that the initial estimation error
je 0ð Þj5jx 0ð Þ2x̂ 0ð Þj is bounded by d0; that is, je 0ð Þj � d0.
We also assume that dmin � d0 where dmin is the ultimate
upper bound of the estimation error as defined in Theorem 1.
From Theorem 1 and the observability assumptions of F, we
know that the estimation error is a decreasing sequence and
is ultimately bounded by dmin for all x; x̂ 2 Xq, which
implies that jej � d0 for all x; x̂ 2 Xq. From Proposition 1, it
can be obtained that

V x̂ð Þ � V xð Þ1fV d0ð Þ (18)

for all x̂; x 2 Xq. Let us define qe as follows

qe5q2fV d0ð Þ: (19)

Based on (18) and (19), it can be verified that for any x 2
Xqe

(i.e., V xð Þ � qe), its estimate given by the RMHE will
be in the region Xq (i.e., x̂ 2 Xq). Because of this property,
the set Xqe

will be used as an estimate of the stability region
of the proposed RMHE-LMPC.

Theorem 2 Consider system (1) with RMHE (11) and
LMPC (15). If x 0ð Þ 2 Xqe

and jx̂ 0ð Þ2x 0ð Þj � d0, and there
exist D > 0; �c > 0; hw > 0 and qe > qmin > qs > 0 satisfy

Lx
VMD1Lw

Vhw12Lx
Vd01Lu

VLx
kd02a3 a21

2 qsð Þ
� �

� 2�c=D (20)

where Lx
V ;L

u
V ;L

w
V, and Lx

k are Lipschitz constants associated
with @V=@xf and k(x), then the closed-loop state x tð Þ 2 Xqe

for all t, and for any k, if x tkð Þ 2 Xqe
nXqs

, the following
inequality holds

V x tk11ð Þð Þ � V x tkð Þð Þ2�c

V x tð Þð Þ � V x tkð Þð Þ; 8t 2 tk; tk11½ �
(21)

Furthermore, x(t) is ultimately bounded in Xqmin
� Xqe

,
that is,

lim
t!1

sup V x tð Þð Þ � qmin (22)

with qmin 5max V x t1Dð Þð Þ : V xð Þ � qsf g.
Proof: In this proof, we consider the time derivative of

the Lyapunov function V along the state trajectory x(t) in
t 2 tk; tk11½ �. The time derivative of V is as follows

_V x tð Þð Þ5 @V x tð Þð Þ
@x

f x tð Þ; u tð Þ;w tð Þð Þ: (23)

Taking into account constraint (15e), we obtain

_V x tð Þð Þ � @V x tð Þð Þ
@x

f x tð Þ; u tð Þ;w tð Þð Þ

1
@V x̂ tkð Þð Þ

@x
f x̂ tkð Þ; k x̂ tkð Þð Þ; 0ð Þ

2
@V x̂ tkð Þð Þ

@x
f x̂ tkð Þ; u tð Þ; 0ð Þ

(24)

Adding and subtracting
@V x tkð Þð Þ

@x f x tkð Þ; k x tkð Þð Þ; 0ð Þ to/from
the right-hand side of inequality (24), the inequality becomes

_V x tð Þð Þ � @V x tð Þð Þ
@x

f x tð Þ; u tð Þ;w tð Þð Þ

2
@V x̂ tkð Þð Þ

@x
f x̂ tkð Þ; u tð Þ; 0ð Þ

1
@V x̂ tkð Þð Þ

@x
f x̂ tkð Þ; k x̂ tkð Þð Þ; 0ð Þ

2
@V x tkð Þð Þ

@x
f x tkð Þ; k x tkð Þð Þ; 0ð Þ

1
@V x tkð Þð Þ

@x
f x tkð Þ; k x tkð Þð Þ; 0ð Þ:

(25)

From the Lipschitz properties of the function f(x) and the
continuous differentiability of V(x), it can be obtained that
@V=@xf is also Lipschitz. The following inequality is
obtained

_V x tð Þð Þ � Lx
V jx tð Þ2x̂ tkð Þj1Lw

V jwj1Lx
V jx tkð Þ2x̂ tkð Þj

1Lu
V jk x tkð Þð Þ2k x̂ tkð Þð Þj

1
@V x tkð Þð Þ

@x
f x tkð Þ; k x tkð Þð Þ; 0ð Þ

(26)

where Lx
V ; L

u
V ; L

w
V are Lipschitz constants of @V=@xf with

respect to its arguments x; u, and w, respectively. Taking
into account (6), the boundedness of w and the Lipschitz
property of k(x) and applying the results of Theorem 1, the
following condition can be obtained for all x tð Þ 2 Xqe

nXqs

_V x tð Þð Þ � Lx
V jx tð Þ2x̂ tkð Þj1Lw

Vhw1Lx
Vd01Lu

VLx
kd02a3 a21

2 qsð Þ
� �

(27)

where Lx
k is the Lipschitz constant of k. Using the triangle

inequality, jx tð Þ2x̂ tkð Þj can be written as

jx tð Þ2x̂ tkð Þj � jx tð Þ2x tkð Þj1jx tkð Þ2x̂ tkð Þj: (28)

From the boundedness of u and w, and the Lipschitz prop-
erty of f, there exists a positive constant M satisfying
jf x; u;wð Þj � M for all x 2 Xqe

. This implies that

jx tð Þ2x tkð Þj � MD (29)

for t 2 tk; tk11½ �. From (28) and (29) and Theorem 1, we get

jx tð Þ2x̂ tkð Þj � MD1d0 (30)
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for t 2 tk; tk11½ � and x 2 Xqe
. Substituting (30) into (27), we

get the following upper bound on the time derivative of
Lyapunov function

_V x tð Þð Þ � Lx
VMD1Lw

Vh12Lx
Vd01Lu

VLx
kd02a3 a21

2 qsð Þ
� �

:

(31)

If condition (20) is satisfied, then the following inequality
holds

_V x tð Þð Þ � 2�c=D: (32)

Integrating _V x tð Þð Þ from tk to tk11, we obtain inequality
(21). Using inequality (21) recursively, if x 0ð Þ 2 Xqe

=Xqs
,

the state will enter Xqs
in finite sampling steps. Once the

state enters Xqs
� Xqmin

, it remains inside Xqmin
for all times

due to the definition of qmin . This implies that x(t) is ulti-
mately bounded in Xqmin

.
Remark 5 Figure 1 illustrates the results stated in Theo-

rem 2. When the initial state of the closed-loop system is in
Xqe

(i.e., x 0ð Þ 2 Xqe
), the estimated state may be outside Xqe

but is ensured to be within Xq (i.e., x̂ 0ð Þ 2 Xq). As long as
the conditions stated in Theorem 2 are satisfied, the value of
the Lyapunov function of the actual closed-loop system state
is guaranteed to decrease. At the same time, the difference
between x̂ and x decreases because of the properties of the
RMHE. If x is outside Xqs

, the value of the Lyapunov func-
tion will continue to decrease; once x enters Xqs

, it may
come out of Xqs

but will be within Xqmin
.

Remark 6 Note that the RMHE based LMPC essentially
inherits the stability properties from the observer F based
nonlinear controller k when implemented in a sample-and-
hold fashion in the sense that the observer F based nonlin-
ear controller k provides a worst case solution to the
RMHE-based LMPC. However, because the optimality con-
siderations are taken into account in the RMHE-based
LMPC, it in general gives a much better closed-loop per-
formance. This point is illustrated in the “Simulation study:
application to a chemical process” section.

RMHE-LMPC with Triggered Implementation

In the previous section, the stability of the RMHE-LMPC
evaluated every sampling time was discussed. RMHE and
LMPC are both based on solving online optimization prob-
lems. For large-scale applications, the computational demand

of the RMHE-LMPC may be high. In this section, we pro-
pose an RMHE-LMPC design with triggered implementation
in order to reduce its computational demand via reducing its
total number of observer/controller evaluations. A schematic
of the proposed design is shown in Figure 2. In this design,
the evaluation of the RMHE-LMPC is triggered by a trigger
which is designed based on the differences between the pre-
dicted and measured output and output derivatives. Accord-
ingly, to ensure the closed-loop stability, the formulations of
the RMHE and the LMPC will be modified to account for
possible open-loop operation.

Triggered Implementation Strategy

The proposed RMHE-LMPC with triggered implementa-
tion uses a modified receding horizon strategy in order to
reduce the number of observer/controller evaluations. The
implementation strategy is as follows:

1. At each sampling time tk, when a new output measure-
ment y tkð Þ is available, the trigger checks the triggering
condition. If the triggering condition is satisfied, the
trigger sends the current and Ne previous output meas-
urements to the RMHE. The RMHE estimates the cur-
rent system state x̂ tkð Þ and go to Step 2. If the
triggering condition is not satisfied, go to Step 4.

2. The RMHE sends the current state estimate x̂ tkð Þ to the
LMPC. The LMPC calculates future input trajectory
u(t) for t 2 tk; tk1Nc

½ � based on x̂ tkð Þ.
3. The LMPC sends the entire input trajectory (i.e., u(t)

with t 2 tk; tk1Nc
½ �) to the actuator and the predicted

future system state trajectory xe tjtkð Þ for t 2 tk; tk1Nc
½ �

to the trigger.
4. Go to Step 1 at the next sampling time tk11.
Note that in the above triggered implementation strategy,

it is assumed that the actuator stores the latest input trajec-
tory sent by the LMPC and keeps implementing the last
received input trajectory if no more recent input trajectory is
received. The future state trajectory xe tjtkð Þ is the predicted
system trajectory according to the input trajectory u(t) for
t 2 tk; tk1Nc
½ � in the LMPC and will be made clear in later

discussion. Note that in the triggered implementation strat-
egy, the triggering condition is checked every sampling time.
It is possible to check the triggering condition continuously.
However, this will require continuous output measurements
which may be difficult or expensive to obtain in some
applications.

Design of the triggering condition

From the triggered implementation strategy, it can be seen
that the triggering condition is checked at sampling instants

tk�0f g when new system output measurements are available.
In the present work, the triggering condition of the RMHE-
LMPC is designed based on the differences between the

Figure 1. Potential state trajectory (solid line) and esti-
mated state trajectory (dashed line) of the
closed-loop system with the proposed
RMHE-LMPC that is evaluated at each sam-
pling time.

Figure 2. Structure of the proposed RMHE-LMPC with
triggered implementation.
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predicted and measured output and output time derivatives.
Specifically, the triggering condition is designed as follows

s tkð Þ5
1; if jY tkð Þ2Ye tkjtq

� �
j � � or tk2tq � NoD

0; if jY tkð Þ2Ye tkjtq

� �
j < � and tk2tq < NoD

(

(33)

where Y is the measured output measurement and output
time derivatives, Ye tkjtq

� �
is the predicted output and its

time derivatives obtained at tq which is the last time instant
that the RMHE-LMPC was evaluated, � is a predetermined
threshold, and No is the maximum number of sampling inter-
vals that the RMHE-LMPC is allowed to operate in open-
loop. When s tkð Þ51, it means that the RMHE-LMPC needs
to be re-evaluated; when s tkð Þ50, it implies that the trigger-
ing condition is not satisfied and the actuator continues to
implement the last evaluated control input trajectory. Note
that No depends on the property of the system and is a
design parameter that restricts the maximum open-loop oper-
ation time. The value of No should be no greater than the
prediction horizon of the LMPC Nc in order to guarantee the
availability of input trajectory.

We denote the predicted system state trajectory by the
LMPC at time tq as xe tjtq

� �
with t 2 tq; tq1Nc

� �
. This future

state trajectory corresponds to the optimal input trajectory
calculated by the LMPC at tq. Based on this predicted state
trajectory, predictions of the output trajectory ye tð Þ as well
as the time derivatives of the output can be calculated. Based
on the predicted output ye tjtq

� �
and the output derivatives

ye; rð Þ tjtq
� �

(r51;…; n21), Ye tjtq

� �
can be constructed. Note

that Ye5U xeð Þ.

RMHE formulation

Due to the triggered implementation, the system may
operate in open-loop for a maximum of No sampling inter-
vals. In order to take the potential open-loop operations into
account, the RMHE design (11) and the LMPC design (15)
need to be modified accordingly to guarantee the closed-loop
stability.

In the design of the RMHE, if triggering condition (33) is
satisfied at tk, the nonlinear observer F z; u; yð Þ is taken
advantage of to calculate an estimate of the state at
tk; z tkjtq
� �

, based on x̂ tq
� �

(i.e., the optimal estimate obtained
at the last evaluation time tq) and actual output measure-
ments from tq to tk. Based on the estimate z tkjtq

� �
given by

the nonlinear observer, a confidence region that contains the
actual system state is constructed within which the RMHE
optimizes the current state estimate. Specifically, z tkjtq

� �
is

calculated based on evaluating the following ordinary differ-
ential equations recursively

_z tjtq
� �

5F z tjtq
� �

; u tð Þ; y tq1l

� �� �
;

8t 2 tq1l; tq1l11

� �
; l50;…;No21

(34)

with z tqjtq
� �

5x̂ tq
� �

.
Based on z tkjtq

� �
, the proposed RMHE accounting for

triggered implementation at tk is designed as follows

min
~x tk2Neð Þ;…;~x tkð Þ

Xk21

i5k2Ne

jw tið Þj2Q21
m

1
Xk

i5k2Ne

jv tið Þj2R21
m

1V tk2Ne
ð Þ

(35a)

s:t: _~x tð Þ5f ~x tð Þ; u tð Þ;w tið Þð Þ; t 2 ti; ti11½ � (35b)

v tið Þ5y tið Þ2h ~x tið Þð Þ (35c)

w tið Þ 2W; v tið Þ 2 V (35d)

j~x tkð Þ2z tkjtq
� �

j � jjy tkð Þ2h z tkjtq
� �� �

j (35e)

Besides the difference in the implementation strategies,
another important difference between RMHE (35) and
RMHE (11) is in the formulation of constraints (11g) and
(35e). Specifically, in constraint (35e), z tkjtq

� �
is generated

using the deterministic nonlinear observer F starting from
x̂ tq

� �
, whereas z tkð Þ in constraint (11g) is calculated using

the F starting from the previous state estimate x̂ tk21ð Þ. Once
optimization problem (35) is solved, an optimal trajectory of
the system states, ~x� tk2Nð Þ;…; ~x� tkð Þ, is obtained. The opti-
mal estimate of the current system state is defined as

x̂ tkð Þ5~x� tkð Þ: (36)

LMPC formulation

The proposed LMPC accounting for triggered implementa-
tion is designed based on the state estimate x̂ tkð Þ and a nom-
inal sampled trajectory under the control of k(x).
Specifically, the nominal sampled trajectory is obtained by
integrating the following differential equation recursively

_xn tjtkð Þ5f xn tjtkð Þ; k xn tk1ljtkð Þð Þ; 0ð Þ;
8t 2 tk1l; tk1l11½ Þ; l50;…;No21

(37)

with xn tkjtkð Þ5x̂ tkð Þ. This nominal sampled state trajectory
will be used in the design of the LMPC with triggered
implementation to formulate a constraint that ensures the
closed-loop stability.

Specifically, the LMPC with triggered implementation at
an evaluation time tk is based on the following optimization
problem

min
u2S Dð Þ

ðtk1Nc

tk

j~x sð Þj2Qc
1ju sð Þj2Rc

h i
ds (38a)

s:t: _~x tð Þ5f ~x tð Þ; u tð Þ; 0ð Þ (38b)

u 2 U (38c)

~x tkð Þ5x̂ tkð Þ (38d)

V ~x tð Þð Þ � V xn tjtkð Þð Þ; t 2 tk; tk1No
½ � (38e)

where No � Nc. The key difference between the design of
LMPC (38) and the design of LMPC (15) is in the Lyapunov
function based constraints. Constraint (38e) requires that the
stability constraint to be satisfied over the potential maxi-
mum open-loop operation time. If we denote the optimal
solution given by the above optimization problem as u�t tjtkð Þ
which is defined for t 2 tk; tk1Nc

½ �, the control input of system
(1) under the control of the RMHE-LMPC with triggered
implementation is determined as follows

u tð Þ5u�t tjtkð Þ; 8t 2 tk; tk1Nc
½ Þ: (39)

The predicted trajectory [i.e., ~x tð Þ in (38)] associated with
u�t tjtkð Þ is defined as xe tjtkð Þ which has been used in the
design of the triggering condition.

Stability analysis

The closed-loop stability of the proposed RMHE-LMPC
with triggered implementation is analyzed in this section.
The following Proposition 2 characterizes the evolution of
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the difference between the estimated state given by nonlinear
observer (8) and the actual state in one sampling time.

Proposition 2 (c.f. Ref. 17) Consider observer (8) applied
to system (1) with sampled output measurement y tkð Þ starting
from the initial condition x̂ tkð Þ, the deviation of the observer
state z from the actual system state x is bounded for t 2
tk; tk11½ � for x; x̂; z 2 Xq as follows

jz tð Þ2x tð Þj � b jz tkð Þ2x tkð Þj; t2tkð Þ1cx t2tkð Þ1cz t2tkð Þ
(40)

where cz �ð Þ and cx �ð Þ are two KL functions depending on the
dynamic properties of the nonlinear observer (8).

Proposition 3 below provides sufficient conditions under
which the estimation error given by RMHE (35) with trig-
gered implementation is a decreasing sequence.

Proposition 3 Consider system (1) with output y sampled
at time instants tk�0f g. If RMHE (35) is designed based on
the nonlinear observer (8) that satisfies condition (9), and if
there exists a concave function g2 �ð Þ such that

g2 jejð Þ � b jej;Dð Þ (41)

for all jej � d0 and positive constants ds2
< d0; a � 1; �o > 0

such that

ds2
2a g2 ds2

ð Þ1cz Dð Þ1cx Dð Þ1�oð Þ � 0; (42)

and if the parameter j is picked such that

0 � j � min a21ð Þ=Lx
h; �o= hv2Lx

h�o

� �� �
(43)

then the estimation error jej5jx̂2xj is a decreasing sequence
for all ds2

� jej � d0 and is ultimately bounded as follows

lim
t!1

sup je tð Þj � d� (44)

with d�5max je t1Dð Þj : je tð Þj � ds2
f g for all je 0ð Þj � d0.

Proof: We assume that the last evaluation time of RMHE
(35) is tq. From the formulation of RMHE (35), it can be
written that

jx̂ tkð Þ2z tkjtq
� �

j � jjy tkð Þ2h z tkjtq

� �� �
j: (45)

From the above inequality and the Lipschitz property of h
and the boundedness of the measurement noise, it can be
written that

jx̂ tkð Þ2z tkjtq

� �
j � jLx

hjx tkð Þ2z tkð Þj1jhv: (46)

Using the triangle inequality and from (46), it is obtained
that

jx̂ tkð Þ2x tkð Þj � jLx
h11

� �
jx tkð Þ2z tkjtq

� �
j1jhv: (47)

From Proposition 2, it can be written that

jz tkjtq

� �
2x tkð Þj � b jz tk21jtq

� �
2x tk21ð Þj;D

� �
1cx Dð Þ1cz Dð Þ:

(48)

If condition (41) is satisfied, then from the above inequal-
ity, it is obtained that

jz tkjtq

� �
2x tkð Þj � g2 jz tk21jtq

� �
2x tk21ð Þj

� �
1cx Dð Þ1cz Dð Þ

(49)

for jz tk21jtq
� �

2x tk21ð Þj � d0. If condition (42) is satisfied,
from the above inequality, it is obtained that

jz tkjtq
� �

2x tkð Þj �
1

a
jz tk21jtq
� �

2x tk21ð Þj2�o (50)

for all ds2
� jz tk21jtq

� �
2x tk21ð Þj � d0. Taking into account

that z tqjtq

� �
5x̂ tq
� �

and applying (50) recursively at time
instants tq11,…, tk, it is obtained that

jz tkjtq
� �

2x tkð Þj �
1

ak2q
jx̂ tq
� �

2x tq
� �
j2 k2qð Þ�o: (51)

From (47) and (51) and recalling that e5jx̂2xj, it can be
written that

je tkð Þj � jLx
h11

� � 1

ak2q
je tq
� �
j2 k2qð Þ�o

� 	
1jhv: (52)

If j is picked following (43), then it can be obtained from
the above inequality that

je tkð Þj � je tq

� �
j2�e2

(53)

for ds2
� jej � d. This implies that jej decreases at two con-

secutive evaluation times of RMHE (35) and will become
smaller than ds2

in finite steps. Once jej < ds2
, it will remain

to satisfy je tð Þj � d� due to the definition of d� and the
design of the RMHE. This implies that

lim
t!1

sup je tð Þj � d�: (54)

This proves Proposition 3.
Proposition 4 below summarizes the stability properties of

the nonlinear controller k(x) with sample-and-hold
implementation.

Proposition 4 (c.f. Ref. 26) Consider the nominal sampled
trajectory xn tð Þ of system (1) in closed-loop for a controller
k(x) as defined in (37). Let D; �s > 0 and q > qs > 0 satisfy

2a3 a21
2 qsð Þ

� �
1Lx

VMD � 2�s=D: (55)

Then, if qmin < q where qmin 5max V x t1Dð Þð Þ : V x tð Þð Þf
� qsg and xn 0ð Þ 2 Xq, the following inequality holds

V xn tð Þð Þ � V xn tkð Þð Þ; 8t 2 tk; tk11½ Þ; (56)

V xn tkð Þð Þ � max V xn 0ð Þð Þ2k�s; qminf g: (57)

Based on the above propositions, the following Theorem 3
summarizes the stability properties of the RMHE-LMPC
with triggered implementation.

Theorem 3 Consider system (1) with RMHE (35) and
LMPC (38) with triggered implementation and the triggered
condition (33). If x 0ð Þ 2 Xqe

and jx̂ 0ð Þ2x 0ð Þj � d0, and
there exist D > 0; � > 0; �s > 0; hw > 0; h/ > 0 and qe >
q� > qs;2 > 0 satisfy

2�s1fV LU�1LUh/1Lv
f hw=Lx

f


 �
eLx

f D2Lv
f hw=Lx

f


 �
1fV d0ð Þ < 0;

(58)

then the closed-loop state x tð Þ 2 Xqe
for all t and x(t) is ulti-

mately bounded in Xq� � Xqe
, that is,

lim
t!1

sup V x tð Þð Þ � q� (59)

with q�5qmin 1fV LU�1LUh/1Lv
f




hw=Lx

f

�
eLx

f D2Lv
f hw=Lx

f

�
1

fV d0ð Þ.
Proof: In this proof, we assume that the last evaluation

time of the RMHE-LMPC is tq and that the triggering condi-
tion is satisfied right after tk21 (tk21 > tq) and the RMHE-
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LMPC is re-evaluated at tk. This scenario corresponds to the
worst case scenario of the triggered implementation. This
worst scenario implies that

jY tk21ð Þ2Ye tk21jtq
� �

j5�: (60)

From constraint (38e), it can be written that

V xe tjtq
� �� �

� V xn tjtq
� �� �

(61)

for t 2 tq; tq1No

� �
. From Proposition 4, it can be obtained that

V xn tkjtq
� �� �

� max V xn tqjtq
� �� �

2 k2qð Þ�s;qmin

� �
(62)

for xn tkjtq
� �

2 Xq. From inequalities (61) to (62) and the fact
that xe tqjtq

� �
5xn tqjtq

� �
, the following inequality can be

obtained

V xe tkjtq
� �� �

� max V xe tqjtq

� �� �
2 k2qð Þ�s;qmin

� �
(63)

for xe tqjtq

� �
2 Xq. From Proposition 1, it can be written that

V x tkð Þð Þ � V xe tkjtq

� �� �
1fV jx tkð Þ2xe tkjtq

� �
j

� �
(64)

From inequalities (63) to (64), it is obtained that

V x tkð Þð Þ � max V xe tqjtq
� �� �

2 k2qð Þ�s;qmin

� �
1fV jx tkð Þð

2xe tkjtq
� �

j
�
:

(65)

Note that from the observability assumption (i.e.,
rank O xð Þð Þ5n) and implicit function theorem, U xð Þ is invert-
ible for x 2 Xq. Noticing that U xeð Þ5Ye and U xð Þ5Y2/
(from its definition), it can be written that

jxe tk21jtq
� �

2x tk21ð Þj5jU21 Ye tk21jtq
� ��

2U21 Y tk21ð Þ2/ tk21ð Þð Þj:
(66)

From (66) and the Lipschitz property of U21, the follow-
ing inequality can be derived

jxe tk21jtq

� �
2x tk21ð Þj � LUjYe tk21jtq

� �
2Y tk21ð Þ1/ tk11ð Þj:

(67)

From (60), (67) and the boundedness of / tð Þ, it can be
obtained that

jxe tk21jtq
� �

2x tk21ð Þj � LU�1LUh/: (68)

From the definition of xe tjtq

� �
and the system model, it

can be written that

j _xe tjtq
� �

2 _x tð Þj5jf xe tjtq
� �

; u tð Þ; 0
� �

2f x tð Þ; u tð Þ;w tð Þð Þj: (69)

Based on the Lipschitz property of f, it is obtained that

j _xe tjtq
� �

2 _x tð Þj � Lx
f jxe tjtq
� �

2x tð Þj1Lv
f hw: (70)

Integrating Eq. 70 from tk21 to tk and using condition
(68), it is obtained that

jxe tkjtq
� �

2x tkð Þj � LU�1LUh/1Lv
f hw=Lx

f


 �
eLx

f D2Lv
f hw=Lx

f :

(71)

From (65) and (71), it can be obtained that

V x tkð Þð Þ � max V xe tqjtq
� �� �

2 k2qð Þ�s;qmin

� �
1fV LU�1LUh/1Lv

f hw=Lx
f


 �
eLx

f D2Lv
f hw=Lx

f


 �
:

(72)

From Proposition 3 and recalling that xe tqjtq
� �

5x̂ tq
� �

, it
can be written that

jxe tqjtq
� �

2x tq
� �
j � d02c�e2

(73)

where c is the number of evaluations of the RMHE-LMPC
until tq. From (72) to (73), and applying Proposition 1, the
following inequality can be obtained

V x tkð Þð Þ � max V x tq
� �� �

2 k2qð Þ�s; qmin

� �
1fV LU�1LUh/1Lv

f hw=Lx
f


 �
eLx

f D2Lv
f hw=Lx

f


 �
1fV d02c�e2
ð Þ:

(74)

If condition (58) holds, there exists a positive �c > 0 such
that the following inequality is satisfied for any k2q � 1
and c � 1

V x tkð Þð Þ � max V x tq
� �� �

2�c;q
�� �

(75)

for all x 2 Xqe
. Using inequality (75) recursively, if

x0 2 Xqe
=Xqs;2

, the state will enter Xqs;2
in finite sampling

steps. Once the state enters Xqs;2
� Xq� , it remains inside Xq�

for all times due to the definition of q�. This implies that
x(t) is ultimately bounded in Xq� .

Remark 7 Referring to condition (58) in Theorem 3, the
second term of the left-hand-side characterizes the effect of
uncertainties in measurements and the triggering design on
the evolution of the Lyapunov function; the third term of the
left-hand-side characterizes the effect of the estimation error
on the evolution of the Lyapunov function. Note that condi-
tion (58) could be conservative as the worst case scenario is
considered in the derivation of the results.

Remark 8 The conditions provided in Theorem 1 and
Theorem 3 provide insights into the interplay between the
different parameters. These conditions can be used as guide-
lines to tune the parameter j and �. However, it may be
conservative to calculate j and � based on these conditions
as they are derived based on the worst case scenarios. In
practice, these parameters could be tuned via offline simula-
tions. For a detailed discussion on how to tune j via simula-
tions, the reader is referred to Ref. 17. Regarding the
estimation of the most appropriate � for the triggered imple-
mentation, it can be done by simulating the process with
different values of � to obtain the dependency of the per-
formance and evaluation numbers on �. The most appropri-
ate � would be a tradeoff between performance and
evaluation time. Please see the “Simulation study: applica-
tion to a chemical process” section for an application of this
approach.

Simulation Study: Application to a Chemical
Process

Process description and modeling

In this section, the proposed RMHE-LMPC and its trigger-
ing implementation will be applied to a chemical process
composed of two connected continuous-stirred tank reactors
(CSTR) as shown in Figure 3. Similar processes have been
studied in Refs. 37 and 38 in the context of networked pro-
cess control and fault-tolerant control. The feed stream enter-
ing the first tank contains pure reactant A at flow rate F0,
molar concentration CA0 and temperature T0. Three parallel
irreversible exothermal reactions take place in the reactor:
A! B;A! C, and A! D, where B is the product, and C
and D are byproducts. The effluent of CSTR 1 is fed into

AIChE Journal November 2013 Vol. 59, No. 11 Published on behalf of the AIChE DOI 10.1002/aic 4281



CSTR 2 at flow rate F1, molar concentration CA1, and tem-
perature T1. There is also another flow of pure A that is fed
into CSTR 2 at flow rate F3, molar concentration CA03, and
temperature T03. The same reactions take place in CSTR 2.
A portion of the effluent of CSTR 2 is passed through a sep-
arator and recycled back to CSTR 1 with unreacted A at
recycle flow rate Fr, molar concentration CA2, and tempera-
ture T2. Each reactor is equipped with a jacket to provide/
remove heat to/from the reactor. Based on standard modeling
assumptions and mass and energy balances, four ordinary
differential equations can be obtained to describe the dynam-
ics of the process

dT1

dt
5

F0

V1

T02T1ð Þ1 Fr

V1

T22T1ð Þ2
X3

i51

DHi

qcp
ki0e

2Ei
RT1 CA11

Q1

qcpV1

dCA1

dt
5

F0

V1

CA02CA1ð Þ1 Fr

V1

CA22CA1ð Þ2
X3

i51

ki0e
2Ei
RT1 CA1

dT2

dt
5

F1

V2

T12T2ð Þ1F3

V2

T032T2ð Þ2
X3

i51

DHi

qcp
ki0e

2Ei
RT2 CA21

Q2

qcpV2

dCA2

dt
5

F1

V2

CA12CA2ð Þ1F3

V2

CA032CA2ð Þ2
X3

i51

ki0e
2Ei
RT2 CA2

(76)

where Tj;CAj;Qj;Vj;j51;2 denote the temperature of in the
reactors, the concentration of A, the rate of the heat input/
removal to/from the reactors and the reactor volumes,
respectively, cp and q denote the heat capacity and density
of the mixture in the reactors, DHi;ki;Ei; i51;2;3 denote the
enthalpies, pre-exponential constants, and activation energies
of the reactions, respectively. The values of these parameters
are given in Table 1.

It is assumed that the measured outputs of the process are
the two temperatures (i.e., T1 and T2) and the measurements
are subject to bounded noise. The bounded noise in the
measurements is generated as normal distributed values with
zero mean and standard deviation 1 but the values are
restricted to be in the interval 21; 1½ �. In addition to the
measurement noise, bounded random disturbances are added
to the right-hand-side of Eq. 76. The random disturbance
added to the dynamics of the temperatures is generated as
normal distributed values with zero mean and standard

deviation 1 in the range 21; 1½ �, whereas the disturbance
added to the dynamics of the concentrations is generated as
normal distributed values with zero mean and standard devi-
ation 0.1 in the range 20:5; 0:5½ �. The rate of heat input/
removal to/from the two reactors, Q1 and Q2, are the control
inputs of the process. The control inputs are subject to the
constraint jQij � 106 kJ =h i51; 2ð Þ. The process has two sta-
ble steady-states and one unstable steady-state. The unstable
steady-state is

xs5 Ts
1 Cs

A1 Ts
2 Cs

A2

� �T
5 457:943 K 1:770 kmol=m

3
415:459 K 1:752 kmol=m

3
h iT

(77)

which is the desired operating point.

Observer and controller designs

Process (76) belongs to the following class of nonlinear
systems

_x tð Þ 5 f x tð Þð Þ1g x tð Þð Þu tð Þ

y tð Þ 5 Cx tð Þ
(78)

where x5 x1 x2 x3 x4½ �T5 T12Ts
1 CA12Cs

A1 T22Ts
2 CA22Cs

A2

� �T
is the state vector, u5 u1 u2½ �T5 Q1 Q2½ �T is the input vector,

y5 y1 y2½ �T5 T1 T2½ �T is the output vector, f is a 4 by 1 vector
function, g is a 4 by 2 matrix function, and

C5
1 0 0 0

0 0 1 0

" #
.

First, a deterministic nonlinear observer is designed fol-
lowing Ref. 39 for process (76) to estimate the process state
based on the two temperature measurements. The nonlinear
observer takes the following form

_̂x tð Þ5f x̂ tð Þð Þ1g x̂ tð Þð Þu tð Þ1G x̂ tð Þð Þ21K y tð Þ2Cx̂ tð Þð Þ (79)

where x̂ denotes the state of the observer and

G5
G1 0

0 G2

" #
; G15

1 0

@f1
@T1

@f1
@CA1

2
64

3
75;

G25

1 0

@f3
@T2

@f3
@CA2

2
64

3
75

(80)

with f1 and f3 the first and third elements in the vector func-

tion f, respectively. In observer (79), K5 KT
1 KT

2

� �T
is a gain

matrix. In this example, K15K25Ko and their values are

Figure 3. Two connected CSTRs with recycle stream.

Table 1. Process Parameters for the Reactors

F054:998m3=h DH1525:03104KJ=kmol
F1539:996m3=h DH2525:23104KJ=kmol
F3530:0m3=h DH3525:043104KJ=kmol
V151:0m3=h k1053:03106h21

V253:0m3=h k2053:03105h21

R58:314KJ=kmol � K k3053:03105h21

T05300K E155:03104KJ=kmol
T035300K E257:533104KJ=kmol
CA054:0kmol=m

3 E357:533104KJ=kmol
CA0352:0kmol=m

3 q51000:0kg=m
3

cp50:231KJ=kg
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determined such that the eigenvalues of the matrix Ao2KoCo

with Ao5
0 1

0 0

" #
and Co5 1 0½ � are placed at 2206i. This

nonlinear observer can asymptotically track the state of the
nominal process of Eq. (76).

Second, a state feedback nonlinear controller is designed
via feedback linearization to manipulate the control inputs as
follows33

u1 tð Þ 5 2qcpV1 f1 x tð Þð Þ1Kc1x1ð Þ

u2 tð Þ 5 2qcpV2 f3 x tð Þð Þ1Kc2x3ð Þ
(81)

where Kc1 and Kc2 are two tuning parameters. In this example,
the two parameters are tuned to be Kc15Kc255. This nonlin-
ear controller can asymptotically stabilize the closed-loop
nominal process of Eq. (76) at the desired steady state xs.

On the basis of the nonlinear observer (79), we design the
RMHE and based on the nonlinear controller (81), we design
the LMPC. In the designs, the sampling time is D50:01h. In
order to account for different orders of magnitude of the
state values, constraints (11g) and (35e) are decomposed into
four constraints as follows

j ~T1 tkð Þ2z1 tkð Þj � j1jy tkð Þ2h z tkð Þð Þj

j ~CA1
tkð Þ2z2 tkð Þj � j2jy tkð Þ2h z tkð Þð Þj

j ~T2 tkð Þ2z3 tkð Þj � j1jy tkð Þ2h z tkð Þð Þj

j ~CA2
tkð Þ2z4 tkð Þj � j2jy tkð Þ2h z tkð Þð Þj

(82)

with j151; j250:1, and z1 tkð Þ; z2 tkð Þ; z3 tkð Þ, and z4 tkð Þ the
four elements of z tkð Þ. These parameters are designed based
on extensive offline simulations when considering the range
difference between temperature and concentration. A quadratic
Lyapunov function V xð Þ5xTPx is considered with P5

diag 1 100 1 50½ �ð Þ. The weighting matrices in the cost function
of the RMHE are Qm5diag 1 0:01 1 0:01½ �ð Þ and Rm5

diag 1 1½ �ð Þ. The weighting matrices in the cost function of the
LMPC are Qc5diag 1 100 1 50½ �ð Þ and Rc5diag 10281028

� �� �
.

In Section, the performance of the proposed RMHE-LMPC
will be compared with a classical MHE-based LMPC. The
classical MHE (e.g., Ref. 9) is designed based on the same
parameters as used in the RMHE. Both of the RMHE and the
classical MHE use the extended Kalman filtering approach to
approximate the arrival cost.13

RMHE-LMPC evaluated every sampling time

In this section, the performance of three different control
strategies will be compared. Specifically, the three control
strategies are: (1) the proposed RMHE-LMPC, (2) the classi-
cal MHE-based LMPC, and (3) the nonlinear controller (81)
based on the nonlinear observer (79) implemented in a
sample-and-hold fashion. In the simulations, these controllers
are evaluated every D; the estimation horizon of the RMHE
and MHE is Ne53; and the prediction horizon of the LMPC
is Nc53.

Figure 4 shows the trajectories of the states of process
(76) under the three control strategies for a simulation dura-
tion tf 51:0 h. In this set of simulations, the initial condition
of the process is x 0ð Þ5 453:943 K; 1:570 kmol=m

3;
h

410:959 K; 1:552 kmol=m
3�T and the initial guess used in the

observers is x̂05 453:923 K; 1:568 kmol=m
3; 410:039 K;

h
1:550 kmol=m

3�T . From Figure 4, it can be seen that both
the proposed RMHE-LMPC and the classical MHE-based

LMPC can drive the process state to a small region around
the operating steady-state. It can also be seen that trajectories
obtained under the observer (79)-based controller (81)
exhibit relatively large oscillations around the steady-state
values. This reveals a very interesting property of the pro-
posed RMHE-LMPC. That is, even the proposed RMHE-
LMPC is designed based on the nonlinear observer (79) and
nonlinear controller (81), it gives a much better performance
than observer (79)-based controller (81).

Before proceeding to the comparison of the control per-
formance of the proposed RMHE-LMPC and the classical
MHE-based LMPC, we carried out a set of simulations to
compare the performance of the RMHE and the classical
MHE from the boundedness of state estimation error point
of view. In this set of simulations, the initial process state
and the initial observer guess are chosen to be the same as

x 0ð Þ5x̂ 0ð Þ

5 458:143 K 1:780 kmol=m
3
415:729 K1:762 kmol=m

3
h iT

(83)

which is close to the operating steady-state. The selection of
the initial state and initial guess is to eliminate the effects of
process and observer transients and to focus on the ultimate
boundedness of the estimation error. The simulation duration
is tf 55:0 h, which is sufficiently long to reflect the random-
ness of process disturbances and measurement noise. To
account for the different magnitudes of the estimation errors

Figure 4. State trajectories of process (76) under the
proposed RMHE-LMPC evaluated every sam-
pling time (solid lines), the classical MHE-
based LMPC (dashed lines) and the nonlinear
observer (79)-based nonlinear controller (81)
implemented in a sample-and-hold fashion
(dotted lines).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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for different states, the error for each state is normalized
based on its maximum estimation error as in Ref. 16. Figure
5 shows the Euclidean norm of the normalized estimation
errors given by the RMHE and the classical MHE. The max-
imum estimation errors given by the RMHE and the classical
MHE are 1.4145 and 1.8521, respectively. The averages and
standard deviations of the normalized estimation errors over
the simulation time are also calculated. For the RMHE, the
average is 0.5100 and the standard deviation is 0.2486.
For the classical MHE, the average is 0.5819 and the stand-
ard deviation is 0.3068. These results show that the RMHE
gives a better estimation performance compared with the
classical MHE.

We also carried out a set of simulations to compare the
overall control performance of the proposed RMHE-LMPC
and the classical MHE-based LMPC from a performance
index point of view based on the following performance
index

J5
XM

k50

jx tkð Þj2Qc
1ju tkð Þj2Rc

h i
(84)

where t050 is the initial simulation time and tM51:0 h is the
end of simulation time. Note that the parameters Qc and Rc

in (84) are the same as those in the MPC objective function.
The process and the observers are initialized with different
initial states and initial guesses. Different random sequences
for the process disturbances and measurement noise are used
for different simulation runs. Table 2 shows the simulation
results for 13 simulation runs. From the table, it can be seen
that the proposed RMHE-LMPC gives the best performance
in all of the 13 simulations and observer (79)-based control-
ler (81) gives the worst performance. The proposed RMHE-
LMPC gives a better performance than the classical MHE-
based LMPC because the RMHE in general provides better
state estimates due to the confidence region information pro-
vided by the nonlinear observer (79) at each sampling time.

RMHE-LMPC with triggered implementation

In this section, the control performance and evaluation
times of the proposed RMHE-LMPC with triggered imple-
mentation is studied under different triggering thresholds
(i.e., �). In the simulations, the estimation horizon is Ne53

and the prediction horizon is Nc53. As explained in Remark
2, as we have two temperature outputs in this example, in
the design of the triggering condition, only the first-order
time derivatives of the two temperatures are needed in order
to have a full rank observability matrix. Specifically, in the
design of the triggering condition

Y tkð Þ5 T1 tkð ÞT1 tkð Þ2T1 tk21ð Þ T2 tkð ÞT2 tkð Þ2T2 tk21ð Þ½ �T (85)

where the changes of Ti; i51; 2, over one sampling interval
are used to approximate the first-order time derivatives of
Ti; i51; 2. The predicted Ye is calculated similarly. The
design parameter No is picked to be 3 so that No � Nc.

Figure 6 shows the closed-loop state trajectories of process
(76) when the triggering condition threshold �50:8. From
Figure 6, it can be seen that the proposed triggered imple-
mentation of the RMHE-based LMPC is able to drive the
state of the closed-loop system to a small region around the
desired steady state.

We also carried out simulations to compare the RMHE-
LMPC with triggered implementation and the RMHE-LMPC
evaluated every sampling time in terms of performance and
number of controller evaluations. Specifically, simulations
were conducted under different settings (noise upper bounds,
initial conditions, triggering thresholds) and the average per-
formance and evaluation times were calculated with respect
to the threshold �. For each triggering threshold, 10 simula-
tion runs were used to calculate the average performance
cost and the evaluation times. Figure 7 shows the simulation
results. From the bottom plot in Figure 7, we can see that
the performance index increases as the value of the threshold
� increases. However, when � is sufficiently small (e.g.,
� � 1), the performance index given by the RMHE-LMPC
with triggered implementation is very close to the one given
by the RMHE-LMPC evaluated every sampling time. From
the top plot in Figure 7, it can be seen that the evaluation
times of the RMHE-LMPC decreases dramatically with the
increase of the threshold �. This set of simulations demon-
strates that the triggered implementation can reduce the com-
putational burden of the RMHE-LMPC and maintain the
performance close to the one obtained by the RMHE-LMPC
evaluated every sampling time if a proper triggering thresh-
old is used.

Figure 5. Normalized norm of the estimation errors of
the RMHE (solid lines) and the classical MHE
(dashed lines).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com]

Table 2. Performance Comparison. Performance given by

(1) observer (79) based controller (81), (2) the classical MHE

based LMPC, and (3) the proposed RMHE-LMPC

(1) (2) (3)

1 405.4987 299.5536 201.2114
2 799.4618 778.9133 643.2531
3 1625.7000 1058.0000 818.7161
4 2763.3000 2008.3000 1967.8000
5 2966.7000 1458.8000 1320.4000
6 779.8802 481.8757 474.8328
7 1335.5000 626.8311 594.7462
8 2295.8000 631.8616 594.3354
9 883.1589 584.9754 568.3884
10 833.1237 777.0954 644.7041
11 1234.8000 625.2982 585.8234
12 793.7693 563.7527 534.9076
13 2155.3000 2018.9000 1914.0000

Performance given by (1) observer (79) based controller (81), (2) the classi-
cal MHE based LMPC, and (3) the proposed RMHE-LMPC.
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Conclusions

In this work, the robustness properties of RMHE-LMPC
for nonlinear systems with bounded uncertainties with both
every-sampling-time evaluation and triggered evaluation
were studied. Specifically, in the first part, we considered the
RMHE-LMPC evaluated every sampling time. In this case,
an estimate of the stability region of the output feedback
control system taking into account estimation error explicitly
was first established; and then sufficient conditions under
which the closed-loop system with the output feedback con-
trol system is guaranteed to be stable were derived. In order
to reduce the computational load of the RMHE-LMPC, a
triggered implementation strategy was proposed in the sec-
ond part. The triggering condition was designed based on the
measurements of the output and its time derivatives. In order
to ensure the closed-loop stability, the formulations of the
RMHE and the LMPC were also modified accordingly to
account for the potential open-loop operation time. Sufficient
conditions for stability of the closed-loop system were also
derived. The applicability and effectiveness of the proposed
RMHE-LMPC designs were illustrated via the application to
a chemical process.
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